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Image formation by manipulation of the entangled angular spectrum
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We demonstrate theoretical and experimentally how it is possible to manipulate an entangled an-
gular spectrum of twin beams, in order to reconstruct correlated images with coincidence detection.
The entangled angular spectrum comes from the pump and the image is obtained only if signal and
idler are properly treated.
PACS numbers: 42.65.Lm, 42.50.Dv, 42.50.Ar
I. INTRODUCTION
Image formation and spatial patterns in optical para-
metric processes have been subject of interest in the last
years either in classical [1] or in quantum optics [2]. In
the process of spontaneous parametric down-conversion,
twin photons are generated with strong correlation in
the transverse momentum, as a consequence of the en-
tanglement in the wave vector. Many experiments have
explored the correlations in this degree of freedom to
observe conditional interference patterns [3], quantum
imaging [4–7], and quantum correlations between opti-
cal modes in the Laguerre-Gaussian [8] and Hermite-
Gaussian [9] basis.
Image formation in spontaneous parametric down-
conversion has been demonstrated by placing diffracting
masks and lenses either in the twin beams [10] or in the
pump beam [11] and detecting the twin beams in coin-
cidence. In Ref. [6] it was demonstrated that the trans-
verse properties of the pump beam are connected with
the transverse correlations of the twin beams. In some
cases, the coincidence transverse pattern exactly repro-
duces the transverse intensity pattern of the pump beam.
In this work, we explore the transfer of the angular
spectrum from the pump to the signal-idler entangled
spectrum [6], in order to investigate, theoretical and ex-
perimentally, image formation in the coincidence trans-
verse pattern, when a diffracting mask is placed in the
pump and the imaging lenses are placed in the signal and
idler beams.
II. THEORY
Let us consider the situation sketched in Fig. 1. A
laser beam (pump) illuminates an object O and pumps a
nonlinear crystal placed at a distance z1 from the object.
By spontaneous parametric down-conversion, signal and
idler twin beams are emitted collinearly with the pump.
They are directed to a lens L placed at a distance z2
from the crystal. An optical window (M) reflects the
violet radiation and transmits the infrared radiation sep-
arating the pump from the twin beams. The twin beams
are detected in coincidence after a beam-splitter (BS) by
detectors D1 and D2. Both detectors are placed at a dis-
tance z from the crystal. The pump is detected by the
detector D3, also at a distance z from the crystal. The
lens L is such that it generates the image of the object O
at the image plane, corresponding to the detection plane.
The state of the field generated by the spontaneous
parametric down-conversion in the monochromatic and
paraxial approximations can be written as [6]
|ψ〉 = α|vac〉+ β
∫
dqi
∫
dqs Vz2(qi + qs)|1,qi〉|1,qs〉,
(1)
where |1,qs〉 and |1,qi〉 are 1 photon Fock states with
transverse wave vectors qs and qi, corresponding to
the down-converted modes signal and idler, respectively.
|vac〉 is the vacuum state. Vz2(qp), where qp = qi + qs,
is the angular spectrum of the pump at the crystal po-
sition. In terms of the angular spectrum immediately
after the object V0(qp), which is the Fourier transform
of transverse pump field amplitude, we can write
Vz2(qp) ∝ V0(qp) exp
[
−i
qp
2
2kp
z1
]
, (2)
where we have considered the free propagation from the
object to the crystal in the paraxial approximation. kp
is the wavenumber of the pump.
The coincidence-counting rate C(ρi,ρs), for detectors
located at a distance z from the crystal and transverse
coordinates ρi and ρs, is proportional to the fourth-order
correlation function G(2,2)(ρi,ρs) given by
G(2,2)(ρi,ρs) = 〈ψ|Eˆ
(−)
s (ρs)Eˆ
(−)
i (ρi) (3)
Eˆ
(+)
i (ρi)Eˆ
(+)
s (ρs)|ψ〉.
Eˆ
(−)
j (ρj) and E
(+)
j (ρj) are the negative and positive fre-
quency parts of the electric field operator which carry
information about the effects of the lens and the free
propagation from the crystal to the detectors. By using
again the paraxial approximation,
Eˆ
(+)
j (ρj) =
∫
dqj
∫
dq′j aˆ(q
′)T (qj − q
′
j) (4)
exp
[
i
(
qj · ρj −
q2j
2kj
(z − z2)−
q′2j
2kj
z2
)]
,
1
where kj is the wave number of the signal (j = s) and
idler (j = i). T (qj − q
′
j) is the transmission function of
the lens. Assuming that the lens is perfectly transparent
and its diameter is much larger than the diameter of the
beams, we have
T (qj − q
′
j) = exp
(
i
f
2kj
|qj − q
′
j |
2
)
, (5)
where f is the focal length of the lens.
Now, let us calculate the coincidence-counting rate.
Eq.3 yields
C(ρi,ρs) ∝
∣∣∣∣Eˆ(+)i (ρi)Eˆ(+)s (ρs)|ψ〉
∣∣∣∣
2
, (6)
where
Eˆ
(+)
i Eˆ
(+)
s |ψ〉 =
∫
dq′s
∫
dq′i
∫
dqs
∫
dqi (7)
× Vz2(q
′
i + q
′
s)T (qs − q
′
s)T (qi − q
′
i)
× exp
[
i
(
qs · ρs −
q2s
2ks
(z − z2)−
q′2s
2ks
z2
)]
× exp
[
i
(
qi · ρi −
q2i
2ki
(z − z2)−
q′2i
2ki
z2
)]
× |0,qs〉|0,qs〉.
By using the equations (2) and (5) and performing the
integrals in qi and qs, we get
C(ρi,ρs) ∝
∣∣∣∣
∫
dq′s
∫
dq′i V0(q
′
i + q
′
s) (8)
× exp
[
−i
|q′i + q
′
s|
2
2kp
z1
]
× exp
[
−i
q′2s
2ks
(
z2 − f +
f2
z − z2 − f
)]
× exp
[
−i
f
z − z2 − f
q
′
s · ρs
]
× exp
[
−i
q′2i
2ki
(
z2 − f +
f2
z − z2 − f
)]
× exp
[
−i
f
z − z2 − f
q
′
i · ρi
]∣∣∣∣
2
.
The lens in Fig. 1 is chosen such that z2 + z1 is the
distance object-lens O and z − z2 is the distance lens-
image I. By using the thin-lens equation 1/f = 1/I +
1/O, eq.(8) can be written as
C(ρi,ρs) ∝
∣∣∣∣
∫
dq′s
∫
dq′i V0(q
′
i + q
′
s) (9)
× exp
[
i
|q′i − q
′
s|
2
2kp
z1
]
× exp
[
−i
O
I
(q′s · ρs + q
′
i · ρi)
]∣∣∣∣
2
,
where we have considered the degenerated case, with ki =
ks = kp/2.
Introducing relatives variables
q
′
± = q
′
i ± q
′
s (10)
ρ± = ρs ± ρs
eq.(9) can be rewritten as
C(ρi,ρs) ∝
∣∣∣∣
∫
dq′+V0(q
′
+) exp
[
−i
O
I
q
′
+ · ρ+
]
(11)
×
∫
dq′− exp
[
−i
O
2I
q
′
− · ρ−
]
exp
[
i
q′2−
2kp
z1
]∣∣∣∣
2
.
The first integral is the Fourier transform of the angular
spectrum of the pump immediately after the object, while
the second one is given by∫
dq′− exp
[
−i
O
I
q
′
− · ρ−
]
exp
[
i
q′2−
2kp
z1
]
= (12)
exp
[
−iρ2−
O2kp
2I2z1
]
,
which is a phase factor, whose square modulus is equal
to one. Therefore, the coincidence-counting rate at the
detection plane is
C(ρi,ρs) ∝
∣∣∣∣W0
(
O
I
ρ+
)∣∣∣∣
2
. (13)
This result shows that the coincidence-counting rate is
proportional to the transverse intensity profile of the
pump immediately after the object O as a function of
the transverse relative coordinate of the signal and idler
detectors, with a scale factor that takes into account the
magnification factor m = I/O. Therefore, by placing
an object in the pump, before the crystal, and a lens in
the twin beams, we obtain the image of the object in a
given image plane by detecting the twin beams in coin-
cidence, with a magnification factor m, that depends on
the distance object-lens and lens-image.
To compare the result for the coincidence-counting rate
with the intensity of the pump we have calculated the
intensity of the pump detected by D3. The intensity of
the pump |W (ρ)|2 is given by
|W (ρ)|2 ∝
∣∣∣∣W0
(
O
I
ρ
)∣∣∣∣
2
, (14)
which is the image of the object O with a magnification
factor m = I/O. Comparing this result with eq. (13),
we see that by displacing detectors D1 and D2 simulta-
neously, such that each one is looking at the same point
along the transverse direction, the image formation in
coincidence by placing the object in the pump and the
lens in the down-converted beams is analogous to putting
the object and the lens in the pump and measuring its
intensity.
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III. EXPERIMENT AND RESULTS
The experiment has been performed in one dimension,
by using a double-slit as the object O. The experimental
setup is shown in Fig. IV. A cw He-Cd laser operating at
442 nm pumps a 1-cm-long Lithium Iodate (LiIO3) crys-
tal cut for type-I phase matching. The polarization of the
pump and the optical axes of the crystal are aligned such
that signal and idler emerge from the crystal collinearly
with the pump, at the degenerate wavelength 884 nm. M
is an optical window that reflects the pump and trans-
mits the twin beams. After that, the twin beams are split
in a beam-splitter and detected with vertically oriented
thin slits of about 0.2 mm, 12.5-mm focal-length lenses,
and 10 nm bandwidth interference filters centered at 884
nm at the entrance of the single-photon counting mod-
ules (D1 and D2). The same detection assembly with
proper optical filters (D3) is used to detect the pump.
Single and coincidence counts are registered by scanning
the detectors horizontally.
First, we have observed the angular spectrum transfer
from the pump to the twin beams by inserting a dou-
ble slit in the pump about 34 cm from the crystal. All
detectors are placed about 70 cm from the crystal. In
Fig. 2a the interference pattern observed in the pump
beam scanning D3 is shown. Scanning D1 and keeping
D2 fixed, the result for the coincidence counts is shown in
Fig. 2b, exhibiting the transferred interference pattern.
We have also performed this measurement scanning D1
and D2 simultaneously and in the same sense. The re-
sult is shown in Fig. 2c, also exhibiting an interference
pattern, but now with the same spatial frequency of the
pattern in the pump.
Second, we have inserted a 25 cm focal length lens
about 7 cm from the crystal, such that the image of the
double-slit is formed at the detection plane. In Fig. 3a
the intensity profile of the pump is shown, where we can
see a two peaks intensity pattern corresponding to the
image of the double-slit. Scanning D1 and keeping D2
fixed, we observe the image of the double-slit in the co-
incidence counts. This result is shown in Fig. 3b. Com-
paring Fig. 3a with Fig. 3b, the image of the double-slit
in coincidence is two times larger than the image in the
pump. This is due to the fact that when one of the de-
tectors is kept fixed we have ρs = 0, for example, and
the coincidence-counting rate becomes
C(ρi,ρs) ∝
∣∣∣∣W0
(
1
2m
ρi
)∣∣∣∣
2
, (15)
where we have a 2 factor that doubles the size of the
image. The magnification factor of m ≈1.5 is the same
for all images.
Scanning both D1 and D2 simultaneously and in the
same sense, the coincidence counts show the image of the
double-slit with the same scale of Fig. 3a. This result is
shown in Fig. 3c. In this case we have set ρi = ρs = ρ,
and the coincidence-counting rate becomes
C(ρi,ρs) ∝
∣∣∣∣W0
(
1
m
ρ
)∣∣∣∣
2
, (16)
which is analogous to the measurement of the intensity
of the pump showed in Fig. 3a.
IV. CONCLUSION
In conclusion, we have demonstrated theoretical and
experimentally, that the image of a given object placed
in the pump can be formed in the twin beams by manip-
ulating the transferred angular spectrum and detecting
coincidence. Even though we have analyzed the collinear
and degenerated case, our results can be easily general-
ized to the noncollinear and nondegenerated case.
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FIG. 1. Experimental setup.
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FIG. 2. (a) Pump beam intensity; (b) coincidence counts
measured by scanning D1 and keeping D2 detector fixed; (c)
coincidence counts measured by scanning D1 and D2 simul-
taneously.
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FIG. 3. (a) Pump beam intensity; (b) coincidence counts
measured by scanning D1 and keeping D2 detector fixed; (c)
coincidence counts measured by scanning D1 and D2 simul-
taneously.
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